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We will analyze and study polynomial rings over Zp, Z, R 
and C(with one variable). More specifically we will analyze 
criteria for divisibility, that is, when a polynomial is 
divisible by another(is a factor) and when a polynomial is 
irreducible(has “no” roots/factors). Thanks to certain 
theorems we can see that polynomials in certain rings will 
always have roots/factors and therefore that polynomial will 
be divisible by that said factor. For instance, due to the 
Fundamental Theorem of Algebra we can say that a 
polynomial of degree n will have n roots in the Complex 
Numbers(C). How about that same polynomial in R? In Z? 
In Zp? It is also important to see the relationship between 
being divisible(remainder=0) and having a factor. If a 
polynomial has a factor then it is divisible by that factor, but 
not all polynomials will have factors(polynomials are 
irreducible). We will analyze these questions and more.

In middle school and highschool many students are 
introduced to the topic of polynomials and factoring them. 
At first students were taught/told that certain polynomials 
were not factorable such as x^2 + 1. This is due to the 
students only working in R(set of real numbers). Later 
students were introduced to the number i and the concept of 
imaginary numbers. With these 2 new ideas a polynomial 
such as the one mentioned x^2 + 1 was now factorable, ie, 
x^2 + 1= (x+i)(x-i). We have just seen an example of a 
polynomial that was irreducible(“unfactorable”) over one 
ring(R), but is reducible(factorable) in another ring(C). This 
begs the question “What about polynomials in different 
rings?” We will explore the rings: Zp, Z, R and C and 
observe techniques to determine which polynomials are 
irreducible over these rings.

Definition: Let F be a field. A polynomial p(x) is said to be reducible 
over F if there exists h(x),g(x) in F[x] such that h(x)g(x)=p(x) where 
deg(h(x))<deg(p(x)) and deg(g(x))<deg(p(x)). A polynomial is said to 
be irreducible if it is not reducible. If a polynomial is reducible then 
then h(x) and g(x) both divide p(x).

Rational Root Theorem(RRT) : A polynomial equation in one 
variable with integer coefficients to have a solution (root) that is a 
rational number, the leading coefficient (the coefficient of the highest 
power) must be divisible by the denominator of the fraction and the 
constant term (the one without a variable) must be divisible by the 
numerator.

Fundamental Theorem of Algebra(FTA): Every polynomial equation 
of degree n with complex number coefficients has n roots, or 
solutions, in the complex numbers.

Eisenstein's Irreducibility Criterion(EIC): Suppose p(x) is a 
polynomial with integer coefficients. If there exists a prime number p 
that 
i) Divides  all coefficients except that of the highest power and
ii) p^2 does not divide the constant term
then p(x) is irreducible over Q.

Polynomial Remainder Theorem(PRT): Let p(x) be a polynomial. If 
(x-a) is a factor of p(x) then p(a)=0,ie, a is a root/zero of p(x).

1: Is p(x)= x^3 - 8x + 2 irreducible over Z? By RRT we know the 
possible rational roots are +-1 and +-2. Hence (x-1),(x+1),(x-2) and 
(x+2) are possible factors. By the PRT these are not factors since 
p(1)=/=0, p(-1)=/=0, p(2)=/=0 and p(-2)=/=0. Hence p(x) is 
irreducible over Q, hence also irreducible over Z. 

2: Is p(x)= 3x^7 + 63x^5 - 7x^3 -14 irreducible over Q? Let 
p=7(prime). As we can see 7 divides -14, -7, 63 but 7 does divide 3. 
Also 7^2=49 does not divide -14. Hence p(x) is irreducible over Q by 
EIC. 

3: Is p(x)=4x^2 +8x + 40 reducible over Z? No, p(x) has complex 
number roots/zeros. However, let us consider over  Z_3= {0,1,2}. 
4x^2 + 7x -14= x^2 + 2x +1(mod3). Which is clearly factorable, ie, 
p(x)=(x+1)(x+1). Therefore p(x) is reducible over Z_3 but not over Z.

4: Is p(x)= x^2 + 7 reducible over C? By FTA every polynomial of 
degree n with complex number coefficients has n roots/zeros in C. 
Hence p(x) is reducible over C.

Over C all polynomials are reducible thanks to the FTA.

In Q(and Z) some polynomials are reducible and some not. To 
find out we take advantage of various theorems such as the 
Polynomial Remainder Theorem, Rational Root Theorem, and 
Eisenstein’s Irreducibility Criterion. 

Just because a polynomial is irreducible over Z does not mean 
it is irreducible over Z_p. We must be very careful. PRT still 
holds(can be used). EIC can only be used to check irreducibility 
over Q. 

Researching this further is very important to the field of 
mathematics since it helps us find solutions to when a 
polynomial equals zero and possibly develop and/or improve 
existing methods.

“Irreducible Polynomials”. mathweb.ucsd.edu. 
https://mathweb.ucsd.edu/~jmckerna/Teaching/15-16/Spring/103B/l_17.p
df

“Fundamental Theorem of Algebra”.britannica.com 
https://www.britannica.com/science/fundamental-theorem-of-algebra

“Rational Root Theorem”.britannica.com.
https://www.britannica.com/science/rational-root-theorem

“Intro to factors and divisibility”.khanacademy.org. 
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:quadrat
ics-multiplying-factoring/x2f8bb11595b61c86:intro-factoring/a/intro-to-p
olynomial-factors-and-divisibility

I would like to thank my advisor Dr. Ivona for 
assisting me in choosing this topic. I would also like to 
thank CSUCI for hosting this research conference and 
for their amazing math program.  

Properties of Polynomial Rings Over Various Rings: Zp, Z, R and C
Name: Levi Puga Advisor: Ivona Grzegorczyk

https://mathweb.ucsd.edu/~jmckerna/Teaching/15-16/Spring/103B/l_17.pdf
https://mathweb.ucsd.edu/~jmckerna/Teaching/15-16/Spring/103B/l_17.pdf
https://www.britannica.com/science/fundamental-theorem-of-algebra
https://www.britannica.com/science/rational-root-theorem
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:quadratics-multiplying-factoring/x2f8bb11595b61c86:intro-factoring/a/intro-to-polynomial-factors-and-divisibility
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:quadratics-multiplying-factoring/x2f8bb11595b61c86:intro-factoring/a/intro-to-polynomial-factors-and-divisibility
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:quadratics-multiplying-factoring/x2f8bb11595b61c86:intro-factoring/a/intro-to-polynomial-factors-and-divisibility

